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CONTINUOUS FUNCTIONS ON
EXTREMALLY DISCONNECTED SPACES

J. VERMEER

ABSTRACT. Using results and techniques due to Abramovich, Arenson and
Kitover it is shown that each fixed-point set of a selfmap of a compact ex-
tremally disconnected space is a retract of that space, and that the retraction
can be constructed from the particular selfmap itself. Also, the closure of the set
of periodic points turns out to be a retract of the space. Several decomposition
theorems for arbitrary selfmaps on extremally disconnected spaces are obtained
similar to the theorem of Frolik on embeddings. Conditions are obtained under
which the set of fixed points is clopen.

INTRODUCTION

At first glance the class of compact extremally disconnected spaces might
seem unworkable. However, there are many indications that the (continuous)
selfmaps on spaces of this type behave ‘extremally’ well. On the ‘extremally’ nice
space [0, 1] the quadratic familly shows that here the selfmaps might seem to be
unworkable. So, it is a matter of taste or interest what to investigate. However,
if one is only interested in the algebraic semigroup structure of the selfmaps,
then there is reason to investigate the compact extremally disconnected spaces.
Each such semigroup can be studied as a sub-semigroup of the semigroup of
(even) open selfmaps of some compact extremally disconnected space.

So, topological dynamics is a field of mathematics where the extremally dis-
connected spaces appears. Another field is the operator theory. In fact, the basic
ideas and constructions used in this paper are from results in this field of math-
ematics, and are not very well known by topologists. In particular, the work of
A.K. Kitover deserves more attention. Several results and ideas are from him,
see [K;] and [A,A,K]. But the results were less explicit and incorporated in the
analysis of a somewhat less general situation.

The theorem of Frolik is the classical result of the good behaviour of maps
on compact extremally disconnected spaces:

“The fixed-point set of every selfembedding of a compact
extremally disconnected space is clopen”
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It is the goal of this paper to generalize this result to arbitrary maps on compact
extremally disconnected spaces, and the following will be obtained:

Let X be a compact extremally disconnected space and assume ¢ : X — X
is a continuous map. Define

Pt={x:¢"(x)=xand m<n — ¢™(x) # x}.

We usually denote P! by F,, the set of fixed points of the map ¢. We will
show a construction of a clopen subset C C X with the following properties.
(1) p(C)cC and p(X-C)Cc X -C.
(2) F, c C and if ¢ isinjective then F =C.
(3) F, is aretract of C, in fact there exists a retraction r : C — F, such
that r=rog.
In particular, the subspace F, is extremally disconnected.
(4) If U is an open subset of X with ¢(U) C U, then: U contains a fixed
point if and only if UNC # .
(5) X — C is the union of three clopen sets C; with ¢(C;)NC; = @, for all
i.

The subsets P" (where n is a prime number) have the following properties

(6) Each P" is compact and a retract of X . (Note that this implies that peri-
odic points of order n cannot accumulate to periodic points of different
order. Another implication is that P” is extremally disconnected.)

(7) The set clJ{P" : n > 1 and n is prime} is a retract of X . So, this
subspace is also extremally disconnected.

These results indicate that the subspaces P" and the subspace clJ{P" :n >
1} are fundamentally associated with the extremally disconnected structure of
the underlying space. Recall that closed subspaces of extremally disconnected
spaces need not be extremally disconnected.

In this paper machinery is built to investigate the structure of the continuous
maps on these spaces. But this machinery not only works for compact extremally
disconnected spaces, but can also be used for other classes of spaces, such as the
class of basically disconnected spaces. Even the class of F-spaces can be put
in this machinery, provided the class of maps is restricted. If this machinery
is applied to the class of F-spaces, results appear which seem to be new. For
example : it will be proved that under CH, the fixed-points set of an open map
on w* is a retract.

After the first version of this this manuscript was prepared, more results in
this area were discovered and published. After some hesitation I have decided
to add these results to this final version, as these results seem to fit so well in
the machinery that is developed. Moreover, the cross references between these
papers are not correct anymore.

I am indebted to Klaas Pieter Hart for the reading of the manuscript and for
the many valuable suggestions.

1. PRELIMINARIES

In this section we review background material on extremally disconnected
spaces and mappings defined on them. A good deal of this material comes from
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[K,] and [A,A,K]. These papers were geared toward operator theory; we shall
give a more topological form of these results.

Throughout this paper X denotes a compact zero-dimensional space and
maps and functions are assumed to be continuous, unless the contrary is stated
explicitly. B(X) denotes its Boolean algebra of clopen sets. Our main objects of
concern are the extremally disconnected spaces and the basically disconnected
spaces. We assume that the reader is familiar with these classes of spaces. We
recall that each of the following properties may be used to define the extremally
disconnected spaces.

- The inclusion order on B(X) is complete.
- Closures of open sets are open.

- Disjoint open sets have disjoint closures.

- Dense subsets of X are C*-embedded.

- Open subsets of X are C*-embedded.

Note that the Cech-Stone compactification of an extremally disconnected space
is extremally disconnected.

The class of basically disconnected spaces can be defined in the following
way.

- The inclusion order on B(X) is countably complete.
- Closures of cozerosets are open.

A space is called x-basically disconnected if the inclusion order on B(X)
is x-complete, i.e. if every 4 C B(X) with card(4) < k has a supremum.
Note that the class of basically disconnected spaces coincides with the class of
wi-basically disconnected spaces. A space X is extremally disconnected if the
space is k-basically disconnected for all « .

Finally, a compact space X is called an F-space, if one of the following
equivalent properties is satisfied.

- Disjoint cozerosets have disjoint closures.
- Each cozeroset of X is C*-embedded.
- Each F;-subset of X is C*-embedded.

Evidently, we have the following implications between these types of spaces:
An extremally disconnected space is k-basically disconnected, a x-basically
disconnected space is basically disconnected , and a basically disconnected space
is F.

Recall that a subset 4 C X is called a P-set if the neighborhood system
of A is closed under countable intersections. In general, 4 C X is called a
P,-set, if the neighborhood system is closed under fewer than x intersections.
In particular, a P-set is a P, -set.

Subspaces of extremally disconnected spaces need not be extremally discon-
nected anymore, as easy examples show.. We collect some well-known facts
about properties of subspaces.

Lemma 1.1. (1) A closed subspace of a compact F-space is an F-space. Closed
subspaces of extremally disconnected spaces (basically disconnected spaces) need
not be extremally disconnected ( basically disconnected ), but are F-spaces.
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(2) If X is a compact k-basically disconnected space and A C X is a Pg-set,
then A is compact k-basically disconnected. In particular, P-sets in basically
disconnected spaces are basically disconnected.

(3) If A is a retract of the compact extremally disconnected space X , then A
is extremally disconnected.

(4) If A is a retract of the compact k-basically disconnected space X, then
A is k-basically disconnected. O

We collect the following results on partitions. Let X be a zerodimensional
space with a map ¢. A subset 4 of X is said to have a (k)-partition in
X, (or, can be k-partioned in X with respect to ¢) if there exists a family
{C1, ..., C¢} with the following properties:

(1) Each C; is (relatively) clopenin 4,and 4 =JC;.
(2) CinCj=2,if i#].
3) o(C))NC;, forall i.

Proposition 1.2. (1) [K,S] Let X be a compact zerodimensional space and ¢ a
map without fixed points. Then X has a 3-partition with respect to ¢ .

(2) [K,S] Let X be a zerodimensional o-compact space and ¢ : X — X a
continuous map. Then ¢ has fixed points iff Bo has fixed points.

(3) [A,AK] Let A be a compact subspace of an extremally disconnected space
X, and let ¢ be a map of X such that A contains no fixed points of F,. Then
A has a 3-partition

(4) [K,] Let X be a compact zerodimensional space and ¢ an injective map
without fixed points. Let A and B be closed subsets of X with ACB.

Then every 3-partition A,, Ay, A3 of pairwise disjoint (relatively) clopen sub-
sets of A can be extended to a 3-partition By, B,, By of (relatively) clopen
subsets of B with BiNA=A;, forall i. O

2. THE SHARP OPERATOR

For the moment a compact zerodimensional space X with selfmap ¢ is
fixed. A subset 4 C X iscalled p-invariant, (resp. ¢~ !-invariant)if ¢(4) C 4,
(resp. ¢9~1(A4) C A4). :

For a given subset 4 C X , there exists a subset B with the following properties:
- ACB, B isclosed and ¢~ !(B)C B.
-If Ac D, D isclosed and ¢~ !(D)c D, then BC D.
This particular subset B is called 4*, and clearly it is the smallest closed ¢~!-
invariant subset of X containing A. The set 4* can be constructed in the
following way.

Define by transfinite induc_tion sets A, :

(1) Ag=clA.

(2) Aa+l = Aa U (o_l(Aa) .

(3) For limit ordinals f, put Ag = cl(U{4s:a < B}).

In this way an increasing sequence {4, : a € Ord} of closed subsets appears.
If A,. = A, then obviously A* = 4,. Note that the set 4* depends on the
map ¢ (what is not discernible in the notation). In the following lemma some
of the basic properties of the # -operator are collected, all of which are easy to
verify.
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Lemma 2.1 [AAK]). (1) AC BcC 4* = A* = B*.
(2) (AuB)*=A*UB*.
(3) X € Aa+1 = ¢()C) € 4o
(4) If B is a limit, then:
xe€Ag—U{4a:a< B} = o(x) € Ag —U{4a 1 a < B}.
(5) o(4*) c A* ifand only if ¢(A) C A*
(6) A*NB* =02 = (A" NB=0o=09(B*)NA.
(1) p(X —A*)c X —A*. O

Lemma 2.2 ([A,AK]). If ¢ is an open map, then A* = A, .

Proof. 1t suffices to show that the set A,, is ¢~ !-invariant. Assume ¢(x) €
Agw, , then for every open neighborhood Uy of x (as ¢(Uy) is open):
p(UgnU{4dn:newp}# 2. If p(Ux)NA,# @ then Uy NApy1 # 9.

We conclude: U, NY{4n:n € wo} # @ for all open Uy, ie. x € Ay,,. O

As we are working on the class of zerodimensional spaces we are particularly
interested in selfmaps ¢ on spaces X with the property:

C clopen in X implies C* clopenin X .

In [V ;] the following class of maps was introduced:

Let x be a cardinal (i.e. an initial ordinal). A map ¢ on the space X
is called a #k-map, if in the transfinite definition of the set A*, the identity
Aqy1 = A, in the sequence {4, : @ € Ord} appears on a level y with y <k,
for all 4 Cc X. Note that Lemma 2.2 implies that open maps are #w; .

The following lemma is easy to verify.
Lemma 2.3. Let ¢ be a map on the compact space X . In each of the following
cases:

- X is extremally disconnected.
- X is k-basically disconnected and ¢ is a #x-map.
- X is basically disconnected and ¢ is an open map.

The property “C clopen in X implies C* clopen in X” is valid. O

3. THE FIXED-POINT SET

Fix a space X and a selfmap ¢ : X — X. The set F, = {x : ¢(x) = x}
is the fixed-point set of ¢ . The main result of this section is that in many
cases the set F, is a retract of the set F,*. To obtain this result we need the
following lemma.

Lemma 3.1. Let ¢ be a selfmap of the compact space X . The property
ANF,=0= A*nF, =02, for all closed sets AC X

is valid in any one of the following cases:

(1) X isan F-space and ¢ is open.
(2) X is k-basically disconnected and ¢ is a #x-map.
(3) X is extremally disconnected .
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Proof. Let A C X be a closed set with ANF, = @. A can be covered with
finitely many clopen sets C;, with the property: ¢(C;)NC; = @. Since A* C
UC? it suffices to show

CNF, =2 implies C*NF, =@

for clopen sets C with the additional property ¢(C)NC = 2.

In each of the three cases a continuous function f : C* — {0, 1,2} is
constructed with: f(¢(x)) # f(x), forall x with {x, ¢(x)} c C*. (Of course
this implies that C* N F, = @.) Let C be clopen with ¢(C)NC = @. Put
Dy=C and Dy = (D_I(Cn) - Cy

Then U{D» : n € wo} = U{Cy :€ wp}. The map f is defined by f(x) =10
if xeC=Dy, f(x)=1if x € Dy and f(x) =2 if x € Dy, . Note that
f is continuous on |JC, and has the required property. In each of the cases
we proceed as follows.

(1) Consider the case that X is an F-space. The set |JC, is C*-embedded
in X, so f has a continuous extension to cl((JC,) = C*, as the map ¢ is
open. Note that

01 =\ JiDx 1k > 1} and Oy = J{Dasers 1k <0}

are two disjoint (relatively) clopen sets of |J C,, so they have disjoint closures
in C*. It follows easily that the extension of the map f to C* only has the
values 1,2 on cl( C,) — U Cy, and satisfies the required inequality.

(2) If the space X is k-basically disconnected, then the space is F and again
the map f can be extended to cl(|JC,). On the remainder cl(JC,) — JCn
the function f only admits the values 1 and 2. Put D, = ¢~ 1(C,) — C,,
and extend f to |JD, by

Jx)=io fle(x)=3-i, ie€{l,2}.

Since the space is k-basically disconnected the particular map f can be ex-
tended to limit-levels y < k. As the map is #k , it can be extended to C*.
(3) This is proved in [A,A,K], but it also follows from the previous case. O

The notion of an attractor is well-known. However, I would like to distinguish
the following types of attractors. A point x € F, is called an

- attractor, if for every neighborhood V, of x there exists a open neigh-
borhood U, with: ¢(U,) c U, C V4.

- strong attractor, if for every neighborhood V, of x there exists a clopen
neighborhood U, with: ¢(U,) C Uy C V.

- weak attractor, if for every neighborhood V, of x there exists a neigh-
borhood U, with: ¢(U,) C U, C V;.

I do not have examples that witness the difference between these notions.
The following result suggests that it might be possible that in the class of F-
spaces one might find an example of a space and a map with a fixed point that
is an attractor but not a strong attractor. It was proved by Frolik that the fixed
points of maps of compact extremally disconnected spaces always are strong
attractors.
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Proposition 3.2. (1) Each fixed point of an open map ¢ on a F-space X is an
attractor.

(2) Each fixed point of a #x-map ¢ on a k-basically disconnected space X
Is a strong attractor.

(3) Each fixed point of a map ¢ on a extremally disconnected space X is a
strong attractor [F).

Proof. Assume ¢(x) = x, and let U be a clopen neighborhood of X . The set
A={teU:p(t)¢U}=Unp ' (X -U)

is clopen and disjoint from F, . We conclude in each of the cases that 4*NF, =
@ . It is easy to verify that: x € U — A4* and ¢(U — 4*) c U — 4*.

Note that in the second and third case the set U — A* is clopen, in the first case
one only can conclude that the set U — A4* is closed. The conclusion follows. O

Theorem 3.3. In each of the following three cases:

(1) X isan F-space and ¢ is open.

(2) X is x-basically disconnected and ¢ is a #x-map.

(3) X is extremally disconnected .
The set F, is a retract of F,*. There even exists a retraction r : F,* — F, with
the property : r=rog.
Proof. It will be checked that the map 4 — A4* is a Boolean map from the
clopen sets of F, to the clopen sets of F(,# with the property: A*NF, =A4.
The dual map is the required retraction. We have to check:

A (relatively) clopen in F, = A* (relatively) clopen in F,*.
For this it is enough to check that
A (relatively) clopen in F, = A*n (F, - A)*=2.

Once this is checked, it follows immediatly that the map 4 — 4* is Boolean.
(After all, the sharp operator commutes with the union.) Let A be a (relatively)
clopen set of F,, and put B = F, — A. In each of the cases we proceed as
follows.

(1) It is clear that

Ute™ () :n e wo} n|J{p™"(B) : n € wo} = 2.

The sets J{p™"(A4) : n € wo} and Y{¢ "(B) : n € wo} are disjoint F, sets
in X. Since 4* = cl(U{p™"(4) : n € wp}), it suffices to show that the sets
U{p™(A4) : n € wo} and U{¢ "(B) : n € wp} are separated in X. By
Proposition 3.2 there exists open sets U and V , with:
-AcU,BcV,UnV=g2.
- oU)cU and o(V)C V.

It is the second property that implies that for all u € U, and for all k : p*(u) ¢
V . Likewise for the set V' . Therefore

U{¢_”(U) 1n € wo}in U{(o‘”(V) ‘newy) =2.
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We conclude that the sets J{¢~"(4): n € wo} and U{¢~"(B) : n € wy} are
separated.
(2) In this case the sets U and V' can be taken to be clopen, and therefore:

- The sets cl(U{e~"(U) : n € wy}) and cl(U{p " (V) : n € wy}) are
disjoint and clopen.

- o(cl(U{e™"(U) : n € wo})) C cl(U{p™"(U) : n € wo}).

- o(c(U{e™" (V) :n € wo})) ccl(Ufe™"(V) 1 n € wo}).
So one can continue the induction to any ordinal level y with y < k, and
therefore

A*cU*,B*cV* and U*nV*=0.
The conclusion follows.
(3) This follows from the previous case. O

The property r = r o ¢ defines the retraction completely. Indeed, this for-
mula determines the retraction r as a map r:Jo "(F,) — F,. The (weak)
attractor property of the fixed points implies that this particular map is con-
tinuous in the points of F,. If the space is an F-space, this retraction can
be extended to cl(|J@~"(F,)). It is remarkable that, in the case that X is k-
basically disconnected, the map r can be extended to higher limit levels. After
all, F, sets with y < k¥ need not be C*-embedded in a k-basically discon-
nected space. But this is the place where it is used that the fixed points are
strong attractors. A union of less than k¥ many clopen sets is C*-embedded
in such a space.

4. THE SET Fq,# FOR F-SPACES.

The goal of this section is to show that the set F¢,# has the property that it
is remote from its complement, and this in several senses. For example, it was
proved in [A,A,K] that the set Fw"l is clopen, in the case that X is compact
extremally disconnected, i.e. as remote from its complement as possible. In
[V -] this result was generalized in the following way: if the space X is compact
K-basically disconnected and the map ¢ is #x then Fq,# isa Py-set.

We will show similar results in the case that X is a F-space. We begin with
some lemmas that also present remoteness-type properties of the set F¢# .

Lemma 4.1. Let X be a compact space and ¢ a selfmap of X .
(1) Assume U C X is an open subset of X with the properties
p(UycU and UNnF, =@2.

Then UNF,*=a.
(2) Assume C C X is a clopen subset of X with the properties

p(C)cC and CNF,=@.

If either X is compact extremally disconnected or X is compact k-
basically disconnected and the map ¢ is #x then C*NF,* = &.

Proof. Assume UNF,* # @. Put ap = min{a : UN(F,), # @} . The property
¢(U) c U implies that o is not a successor ordinal and U open implies
that «ao is not a limit ordinal. So a9 = 0, ie. UNF, # @. To prove
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the second statement, observe that the proof of Lemma 3.1 implies that there
exists a continuous function f: C* — {0, 1, 2} such that f(x) # f(¢(x)) if
{x, ¢(x)} c C*. This implies that C* N F = @. The property ¢(C) Cc C
implies ¢(C*) c C* and we can conclude from the first part of this lemma that
C*nF*=02. 0

Next we collect some properties of the set F¢# in the class of compact ze-
rodimensional F-spaces.

Theorem 4.2. Let X be a compact F-space and ¢ a continuous map.
(1) [HV]1If ¢ isinjective then F,* = F, and F, isa P-setof X .
(2) If the map ¢ is open, then F,* isa P-set of X .
Proof. We only verify the second statement. First observe the following: If A4
is a g-compact subset of X with AN Fw# = & then there exists a cozeroset U
with ACUCX - F,* and 9o(U)CU.
To see this, note first that every g-compact subset 4 C X — F¢# is contained
in a cozeroset U with ACc U C X — F¢#. Choose by induction cozerosets U”
such that
- AcUc X -F,*.
- Utue(UMC U"‘L1 cCX- F#
If we put U = |JU", then this is the required cozeroset Therefore, if we can

check the following:
“Every cozeroset U C X with p(U)c U and UC X —F¢# has the property:

dUnF*:z

then it would follow that F,* isa P-set.

Consider the cozeroset U This set is g-compact, so C*-embedded in X .
It follows from Proposition 1.2 that the map S(¢ | U) has no fixed points, in
particular,

cdUNF =g2.

Note also that
p(clU) cclU.

(Note that this already proves the first claim, i.e. the case with ¢ injective)
The fixed points of the map ¢ are attractors, so there exist an open set O with
F,cOcCX—clU and ¢(O) C O. But then

UnJ{e™0): ke wp} =2

It can be concluded that the disjoint F,-sets U and U{p~*(F,) : k € wo}
are separated, and therefore have disjoint closures, i.e. clU N Fw# = @. The
conclusion follows. O

The conclusion is that there is some tendency within the class of F-spaces,
for the fixed-points sets to become P-sets. And this tendency becomes stronger
by higher degrees of disconnectedness of the underlying space. The previous
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theorem can be used to present new methods to find points of different topo-
logical type within an F-space X . The argument is similar to the argument of
Frolik.

Theorem 4.3. Let X be a compact zerodimensional F-space. Let C, be a clopen
subset of X and assume that the subspace

D=cl [U{C,, ‘ne wo}] —U{C,, 1n € wp}

contains a copy of X. Then X is not homogenuous.

Proof. Let g: X — X be an embedding with g(X) C D. Let xo be a point of
X.

Claim: There does not exists an embedding /4 : X — X with A(g(xo)) = Xo
Indeed, if such a map would exist, then the map k = go & is injective and Xxg
is a fixed point of the map k. It follows that D would contain the non-empty
P-set F, . This is clearly impossible. Contradiction. O

We collect some results of properties of selfmaps of the most elementary
F-space that exists, the space fw — w = w*. Recall:

Lemma 4.4 [VM)]. Under the continuum hypothesis [CH] all P-sets of w* are
retracts of w*. O

Proposition 4.5. Let ¢ be a continuous selfmap on w*. If [CH] and either the
map ¢ is open or injective then F, is a retract of w*.

Proof. If the map is injective it follows from the first statement in Theorem 4.2
and the previous lemma. If the map is open it follows from the following lemma
and the second statement in Theorem 4.2 O

Theorem 4.6. Let ¢ be an embedding of w* into itself. If [CH] then w* — F,
is the union of three disjoint open sets U;, i =0, 1, 2, with the property U; N
o(U) =2, forall i.
Proof. The continuum hypothesis implies that the complement of the P-set F,
can be written as an increasing union of w; clopen sets. Say w* — F, = |[J{C, :
a<a)1},with CaCCﬂ for a<ﬂ.

Replace each C, by the closure of its @-saturation:

D, =cl [U{(p"(Ca) 1n€ wo}] .

Then w* — F, is written as an increasing union of closed sets D, , with the
additional property: ¢(D,) C D, . Moreover, we can enlarge the sets D, even
more such that:

D, CintDg, fora<p.

By induction the set D, is covered by sets {U! :i =0, 1, 2} which are clopen
in w*, in the following way:

Find a 3-partition {D}:i=0, 1,2} of Dy, and choose disjoint clopen (in
w*) sets {Uf:i=0, 1,2} such that:

UinDy=Di, Uicint(D;)and o(US)NU{=o.
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According to Proposition 1.2 it is possible to extend the partition {U} : i =
0,1, 2} toapartition {D!:i=0, 1,2} of D, and next this partition can be
enlarged to pairwise disjoint clopen sets {U/:i=0, 1, 2}.

The construction on the rest of the non-limit levels is identical to the one
above.

On a limit level B we proceed as follows. The construction implies that the
set

Df = U{Da ta < B}HC Dp)

has the property

D/f:U{U{U;':i=0, l,2}:a‘<ﬂ}.

Note that D? is an open F, set, ¢(D#) c D, and that D# is C*-embedded
in w*. D has a natural partition, namely: {J{U!:a < B}:i=0, 1,2} of
sets which are open in w*.

It follows that {cl[U{U} : @ < B}]:i =0, 1,2} is a partition of clD?.
As above extend this to a partition {U;; :1=0,1,2} of Dg into sets clopen
in @*. This ends the induction. If we put U’ = J{U} : @ < w,}, then the
required partition of w* — F, is defined. O

Question 4.7. (1) Let X be an F-space. Is F,* a P-set, for arbitrary maps
0?
(2) Is [CH] essential the previous theorem?

(3) Is it consistent with [CH), that all fixed-point sets of w* are retracts? And
what can be said in ZFC? O

To motivate these questions, in the next sections most of these questions will
be answered for the more restricted classes of basically or extremally discon-
nected spaces.

5. THE SET F¢# FOR BASICALLY DISCONNECTED SPACES.

In this section we discuss the class of compact x-basically disconnected
spaces. Several results in this section already appeared in [V ;]. However, in
this paper, references to an earlier version of this paper appeared which are no
longer valid. To make at least one of the papers selfcontained, the proofs will
be repeated in this paper. We also add some new results.

Theorem 5.1. Let X be a compact x-basically disconnected space and let ¢ be
a selfmap of X . Then:

(1) F,* isa P-set.

(2) If ¢ is a #x-map then F,* isa Py-set.
Proof. (1) Let A be a closed F;,-set disjoint from F(,*. In Theorem 4.2 we
saw that there exists a cozeroset U with ¢(U) C U and U N F(,# =@. Asin
Theorem 4.2 we can conclude that clU N F, = @. But in this case we even

have that clU is clopen, and we can use the first statement in Lemma 4.1 to
conclude that clU N F,* = @. We see that c1AN F,* = &. It follows that the

set F¢* is a P-set.
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(2) Assume {4, : o <y} is a family of closed sets with 4, N F,* = &, for
all a<y were y<k.
By induction we construct clopen sets C, such that:
- 4, CC,C X —F,*.
- CocCg,fora<f<y.
- C, is both ¢-invariant and ¢~!-invariant.

Together with the clopen sets a partition {D%, D!, D2} of C, is constructed
which satisfies the following properties.
- DdubDluD?=C,.
- DinDc'!;:Q, (’#J)
9(D)ND, =2 .
D;nCa=D};,for a<pB<y.

To construct these clopen sets we proceed as follows In (1) of the theorem a
clopen set C is constructed, with 49 ¢ C C X — F¢* and ¢(C) Cc C. It
follows from the second statement in Lemma 4.1 that C* N F,* = . Note that
9(C) c C implies that C* is g-invariant. Put C, = C* and fix a 3-partition
{DY, D}, D3} of. Cy. Assume for a < B the sets C, and the partitions are
defined, where § < k.

First consider the set U = |J{C, : « < #}. This set is a union of less than
clopen sets, therefore U is C*-embedded and has a clopen closure. Note that
(U) c U and also clUN F, = @. Indeed, if we define U; = J{D, : a < B,
(i=0,1,2),then U=UoUuU,Ul,, UNUj=@ (i#j) and o(U)NU; =
.

It follows that S(¢ | U) has no fixed points and, as U is C*-embedded, we
conclude that c1U N F, = & . By Lemma 4.1 we conclude

AdUNF,*=wo.

The set clU has a natural 3-partition, namely : {clUp, clU;, clU,}. This
corresponds to a continuous map f:clU — {0, 1, 2} with f(x) # f(e(x)),
where f is defined by: f(clU;) =i.

Note that by Lemma 4.1 we even have: (c1U)* N F,* = & and as in Lemma
3.1 the map f can be extended to a map f: (clU)* — {0, 1, 2}. This means
that the 3 partition {cl U, clU,;, clU,} of clU can be enlarged to a 3-partition
Ey, E;, E, of the clopen set (clU)*.

Put E = (clU)*. Note that the clopen set E = (clU)* is both ¢- and
¢~ l-invariant. Consider the clopen subset Ag — E of the compact x-basically
disconnected space X — E. As in the basic stap of the inductive proof, there
existsa ¢ and ¢~'-invariant clopen set Co with 4y —EC CoC X — E - F,*
together with a 3-partition {D3, D}, D%} of C. Finally, put

Cp = (cl U)*u Gy
and ng =D,;UE;, for i € {0, 1, 2}. This ends the inductive proof. 0O

Corollary 5.2. Let X be a compact k-basically disconnected space and let ¢ be
a continuous selfmap of X . Then:
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(1) The space F,* is basically disconnected.
If, moreover, the map ¢ is #x, then:

(2) The spaces F,* and F, are k-basically disconnected.

Proof. Parts (1) and (2) follow directly from Lemma 1.1 and Theorem 5.1. Part
3 follows from Theorem 3.3: F, is aretract of F,* and the results in part 2. O

I was unable to answer the following question.

Question 5.3. Let X be a compact k-basically disconnected space. Do there exist
selfinaps ¢ on X for which the set F,* isnot a P-set? Note that F,* is always
basically disconnected. Is it always a k-basically disconnected subspace? And
is the set F, a basically disconnected , respectively a k-basically disconnected
subspace, for all maps ¢ ? O

There exists a large class of nice maps to which Corollary 5.2 can be applied,

the open maps. In particular, if ¢ is an autohomeomorphism of a compact
K-basically disconnected space, then its fixed-point set is a P,-set.
Note that a map ¢ on a compact k-basically disconnected space X need not be
#1c , not even if the map is an embedding. For example, in [Wal] an example is
presented of a basically disconnected space together with an embedding ¢ with
the properties that its (unique) fixed point is not an attractor. It follows from
Proposition 3.2 that this particular map cannot be a #w;-map. However, the
following result tells us that for embeddings (in the class of compact x-basically
disconnected spaces) the set F, is always a Pc-set and therefore x-basically
disconnected.

Theorem 5.4. Let X is a compact k-basically disconnected space and ¢ an
embedding of X into itself. Then the fixed point set F, of ¢ isa P-set.
Moreover, if X — F, is the union of at most k closed sets, then X — F, is the
union of three pairwise disjoint open sets U' with the property p(UNNU' = &,
forall i. .

Proof. This is proved by induction on « .

It follows from Theorem 4.2 that is true for k = w; . Let ko be an ordinal,
and assume that the statement is true for all selfembeddings of all compact
K-basically disconnected spaces, with k¥ < kg .

Fix a selfembedding ¢ of a compact ky basically disconnected space X .
By assumption, F, is a Py-set, for all k < ko . This already proves the claim,
in the case kg is a limit cardinal.

Assume kg = y*. Let {4, : a < y} be a family of less than k¢ = y closed
subsets disjoint from F, . The induction assumption gives us:

Forall B <y: cf J{4da:a < B}NF,=2.

Using this fact and the method in the proof of Theorem 5.1 one can easily
construct (by induction ) a family {U, : a < y} of clopen subsets satisfying the
following properties:

(1) A, C U,.

(2) UynF, =2.

(3) a< B implies U, C Ug.

(4) 9(Us) C U, .
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Note that U = J{U, : @ < y} is C*-embedded. So, if it can be verified that
U has a 3-partition, then it follows that cl(U) N F, = @. To obtain this 3-
partition of U each set U, will be 3-partitioned. By induction a family of
3-partitions {D9, D!, D2} is defined, existing of sets clopen in X satisfying:

(5) U{D.:ief{0,1,2}}=U,.

(6) D:NDi=w,if i #j.

(7) ¢(DI)NDi =@, forall i.

(8) a<p implies Dy N U, = D;,.

Indeed, assume for o < f the partitions are defined.

Put D; = U{D) : a < B}. Then, {Dy, D;, D,} is a partition of the C*-
embedded subset Uf = J{U, : a < B}. Note that ¢(U#) c U and UP c Uy.
The sets D; are relatively clopen in U# and ¢(D;,)ND; = @. It follows that
¥ = B(¢ | U?) has the property: W(clgys(Di) Nclgys(D;) = . In particular,
{c1Dy, c1 Dy, clD,} is a 3-partition of the clopen set clU# .

Finally use that the map ¢ is injective, and conclude that Proposition 1.2
implies one can extend the 3-partition of clU# to a 3-partition of Ug.

Put U; = U{D} : a < y}, then {Up, U;, U,} is the required 3-partition of U .
The second claim can be proved in the same way as is done in Theorem 4.6 0O

As an application we show the following:

Proposition 5.5. Let X be a locally compact k-basically disconnected spaces and
assume that X is the union of less than x compact subsets. If v is a #x-map
without fixed points then By has no fixed points.

Moreover, if v is an open map then By is an open map too.

Proof. The space BX is compact k-basically disconnected. Put ¢ = By . The
local compactness of X obviously implies that F/’ C X —X. Since X isthe
union of less than k¥ compact subsets, it follows that X — X does not contain
nonempty sets which are P-sets of fX . Therefore, if it can be verified that
the map ¢ : X — BX is #x, then it would follow that F,*, hence F, is
empty. Unfortunately, I cannot verify this. But what can be verified is that for
every clopen set C C BX, the sequence

C,Ci=Cup™'C, ..., Co = J{o7H(O)), ...

will stabilize at ordinal level below x. Whether this is equivalent with the
property #x , I do not know. It is not difficult to verify that all the proofs of the
results on #x presented remain valid under this (perhaps weaker) assumption.
For the verification: let C be clopen in fX. Consider the set C' = CNX
and the sequence:

C',Ci=Cuy™'C’,...,C, =cd( v * O, ...

This sequence stabilizes on an ordinal level o with a < k , and a clopen set D is
obtained with C' ¢ D C X and with the property that X — D is y-invariant.
It follows that clgy(D) is clopen in X and also that X — clgx(D) is ¢-
invariant. This implies that C* C clgy D, and therefore the set C* is obtained
at most at ordinal level a + wg, which is below « .
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Next, assume that the map ¢ is open. Let C be a clopen subset of X .
Again consider C' = CNX. X is locally compact, so: C' = |J{K, :a <y},
with K, open and compact and y < k.

It follows that each K, and each ¢(K,) is clopen in SX and clearly the
set Bo(C) = sup{p(K,) : a < y} is the supremum of less than k clopen sets,
therefore clopen. It follows that B¢ is open. O

6. EXTREMALLY DISCONNECTED SPACES.

As a corollary of the results on x-basically disconnected spaces, the follow-
ing results are obtained as limit cases. Indeed, any map on a extremally dis-
connected space is #x for some k. The results obtained on the class of com-
pact k-basically disconnected spaces are already strong enough to reobtain some
known theorems. For example, from Theorem 5.1 and Theorem 5.4 follows:

Theorem 6.1. Let X be a a compact extremally disconnected space and let )
be a map.

(1) [A,AK] The set F,* is clopen.

(2) [F11If ¢ is an embedding then F, is clopen. O

Corollary 6.2. Let X be a compact extremally disconnected space and let ¢ be
“a map. Then X can be written as the disjoint union of four clopen subsets C;,
(i=1,2,3,4) with the following properties:
(1) Cian=Z, ifi#j.
2) GGUGUGCGIUC,=X.
3) p(CLUC,UC3) C CLuCyUCs.
) 9(C4) C Cq and o(Ci)NCi=@2, for 1=1,2, 3.
(5) If U is (cl)open with o(U) C U then: U contains a fixed point if and
onlyif UNCy # 2.
Moreover, in this decomposition the set C4 is uniquely determined.
Proof. Of course, we take C; = F¢# and as {C;, C;, C3} one can take just any
3-partition of the clopen set X — F,*. For the uniqueness of C; we observe
that the properties of C4 implies the following:
(1) F¢ CcCy.
(2) F¢" C C4, as the complement of C, is ¢-invariant.
We have seen in previous proofs that every x € X — F¢# is contained in a
cozeroset U with p(U)Cc U and xe U C X — Fw#' It follows that U N Cy =
@,andso C4=F,*. O

Another result is that in the class of compact extremally disconnected spaces
the class of fixed-points subsets is as small as possible. Precisely the retracts!
Not only this, the discussion at the end of section 3 shows that in some sense
every continuous selfmap on a compact extremally disconnected space already
carries the structure of the retraction of its fixed-point set on the clopen set
F¢# . We collect some properties of fixed-points sets in one theorem.

Theorem 6.3. Let X be a a compact extremally disconnected space and let ¢
be a map. Then
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(1) If F, # @ then F, is a retract of X and hence extremally disconnected.
(2) d(Fy) <d(X) and c(F,) < c(X).
(3) X — F, is pseudocompact.
Proof. The first two statements are clear. Probably the third statement is well-
known but I do not have the proper references. The complement of a compact
extremally disconnected subspace is always pseudocompact, for assume X — F,
is not pseudocompact. Choose a C-embedded (closed) copy {x, : n € wy} of
N in X — F, . Find pairwise disjoint clopen sets C, with:
= x', € Cn .
-GiNFy=2.
Define r:|JCy, — {x, : n € wp} by r(C,) = x,. This map r can be extended
to a retraction
pr: cl[U Cy] — cl[{x, : n € wo}]

The set cl[J C,] is clopen, and will intersect F, . Indeed,
c{xn:n€wp}—{xy:n€wy}C cl[U Ca]NF,.

The clopen subset cl[JC,] N F, of F, has a retraction onto the space w*,
which is not extremally disconnected, and therefore the clopen subspace and
F, itself cannot be extremally disconnected. O

Another perhaps surprising result is the following result.

Theorem 6.4. Let X be a locally compact extremally disconnected space and let
¢ be a map. Then:

(1) The following are equivalent:
(a) @ has no fixed points.
(b) B¢ has no fixed points.
(2) Clﬂx(F¢) = Fﬂ¢ .
(3) F, is extremally disconnected.
Proof. The sharp operator # will denote the one on BX .
(1) If Fp, # @ then, being clopen, Fy *NX #o.
But X is open in fX, so Lemma 4.1 implies that X N Fg, # @. This gives
that ¢ has a fixed point. The other direction is trivial.
(2) The inclusion clgx (F,) C Fg, is trivial.
~ To obtain the other inclusion, let us assume that clgy (F,) is a proper subset of
Fg, . Choose t € Fg, — clgx(F,). Then there exists a set C with:

(1) C (relatively) clopen in Fpg, .

(2) clgx(Fy) C C C Fgy — {t}.
It follows from Theorem 3.3 that the set D = Fy * — C * isclopen and B¢(D) C
D. The subspace DN X is locally compact and extremally disconnected, and
o(DNX)c DnX. Clearly the map ¢ | D is a map without fixed points with
the property that B(¢ | D) has a fixed point, namely ¢. This contradiction
proves the claim.

(3) It follows from Theorem 6.3 that the space Fp, is extremally discon-
nected. But then, the set F,, which is dense in Fj, , is extremally disconnected
too. O
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Question 6.5. Does there exists an extremally disconnected space Y with a fixed-
point free map ¢ : Y — Y such that By does have fixed points? O

Corollary 6.6. Let X be a locally compact extremally disconnected space and let
@ be amap. Then X can be written as the disjoint union of four clopen subsets
Ci, (i=1,2,3,4) with the following properties:

(1) GinCj=@,if i#].

2) GGUGUGCIUCy=X.

3) p(CUCUC3) Cc CiUCUCs.

(4) 9(Cq) C Cq and o(C)NCj=2,for 1=1,2,3.

(5) If U is (cl)open with ¢(U) C U then: U contains a fixed point if and
onlyif UnCy # @.

Moreover, in this decomposition the set Cy4 is uniquely determined.
Proof. Restrict the partition described in Corollary 6.2 to X. O

Lately several results have appeared (e.g. [K,S], [vD]) in the area concerning
types of maps and spaces that satisfy the fixed point free extension property. As
an application of the results presented, the following fits in this area of results.

Proposition 6.7. Let Y. be a locally compact space and let ¢ be a map on Y
without fixed points. If x € BY is a fixed point of Bo then the space BY is not
extremally disconnected at x . In particular, x is not a remote point of BY .

Proof. Consider the Gleason cover of the spaces Y and BY, together with the
maps n: EY — Y and nf : EBY — BY . The space EY is considered to be
a dense subspace of EBY and nf |EY ==.

Recall the following basic properties of the Gleason cover n: EX — X of a
space X :

(1) EX is extremally disconnected.

(2) BEX =EBX and fn=rnF.

(3) Everymap f: X — X can be lifted toamap Ef: EX — EX with the
property: fom =mo Ef. Such a map is called a lifting of f. A lifting
is not unique, unless the map f is open.

(4) If p € BX — X then the following are equivalent:

- BX is extremally disconnected in p.

-If U and V are disjoint open sets of X, then p ¢ clgx(U) N
clgx (V).

-card nY{p}=1.

Consider the fixed point free map ¢ : Y — Y, together with a lifting E¢ :
EY — EY . The map E¢ has no fixed point either and it follows that the map
BEg@ cannot have fixed points. (The space EY is extremally disconnected and
locally compact.)

Note also that the map BE¢ can be considered to be a lifting of the map
Bo . Therefore, if y€ BY —Y and z € (nf)~!(y) then BEp(z) € (nf)"'(y).

In particular, if y is a fixed point of f¢ and BY is extremally disconnected
at y (say y’ is the unique point in (nf)~!(y) ), then BE¢p(y') = y’, so the
map BE¢ would have a fixed point after all. Contradiction. 0O
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7. PERIODIC POINTS OF MAPS ON EXTREMALLY DISCONNECTED SPACES

Let X be a compact extremally disconnected space and let ¢ be a continuous
map on X . For each n define

={x e X:¢9"(x)=xand ¢"(x) # x, for m < n},

Py =|J{P":n>1}.
The points in P, are called the periodic points, a pointin P" is a point of
period n. Clearly, P! = F, and U{P':i divides n} = Fyn.
In general, the sets P" need not be closed, as easy examples show. However,
if the space X is compact extremally disconnected we will see that these sets
are closed.

Lemma 7.1. Let X be a compact extremally disconnected space and let ¢ be a
continuous map on X . Then F,* NP, =F,.

In particular, P? is a closed set.
Proof. Assume p € F,* with ¢"(p) =p, n>1 and p ¢ F,. Since p is a
fixed point of ¢”, and therefore a strong attractor, there exists a clopen set
W with pe W, WNnF, =02 and ¢"(W) C W. Since WNF,* # &, the
ordinal o = min{f : W N (F,)s # @ is well defined. The same argument as in
Lemma 4.1 shows that o = 0. Contradiction. It follows that P? = Fp — F¢#
and as the set F¢# is clopen we see that P? is a closed subset. O

Notation: If X is a space and two maps ¢,  are given on X then, for

any A C X thesets 4, and 4, denotes the sharps of this set with respect to
these two maps.

Lemma 7.2. Let X be a compact extremally disconnected space and let ¢ be
a continuous map on X . Consider the maps ¢, ¢p*: X — F,* - X - F,* on
X —F,*. Then:

(1) PPCX-F,}*.

2 p2,* =p2;.

3) P,nP2*=p2,

(4) There exists a retraction r, : P2¢,2# — P2 such that ryop?=r,.
Proof. (1) This is clear from the previous lemma.

(2) The inclusion: P2¢z# C P2¢# is clear, as the second set is g@-invariant,
therefore @2-invariant closed and contains PZ?. It is clear that ¢(P?) = P? and

therefore
o7 (P?) : k € wo} = | J{(#? 1k € wo}.
In particular,

p(lllUL (9™ (P?) 1k € wo}]) el J{(9?) 7 (P?) : k € wo}].

It follows that on the limit levels, in the inductive construction of P? ¢2 ,
there will always appear sets which are ¢-invariant. In particular, P2¢# is

p-invariant, and the conclusion follows.
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(3) Note that if we put ¥ = X — F,* and v = (¢ | Y)?, then Y is compact
extremally disconnected and P? = F, . It follows from the first lemma that

Fw# — F, contains no periodic points of y, and therefore not of ¢. And the
previous result gives the conclusion.
(4) This is clear. O

Question 7.3. (1) Does there also exist a retraction r, : P2¢z# — P? such that
rogp=ry?

(2) Let X be a compact k-basically disconnected space and let ¢ be open,
#x or an embedding. Is it still true that the sets P" are closed? O

The argument in the previous lemma can be used for all », and we conclude
that for maps ¢ on a compact extremally disconnected space X :
(1) Each P" is a closed subset.
(2) For all n: consider the maps ¢ and ¢” on the subspace X — J{(P")*:
ien} of X.
Then:
- PrcX-U{(P)*:ien}.
- prt=pn b
So, the notation (P")* is unambiguous.
(3) P,N(P")*=P".
(4) The family {P" : n € wy} is a discrete family, in the sense that the
members are contained in pairwise disjoint clopen sets, namely:
(5) The family {(P")*:n € wo} is a pairwise disjoint family of clopen sets.
(6) For each n there exists a retraction r, : (P") * — P, such that r, =
rpnop".
Corollary 7.4. Let X be a compact extremally disconnected space and let ¢ be
a continuous map. Then:

(1) The subspace cl(U{P" : n € wy}) is a retract of X . In particular, the
subspace cl(U{P" : n € wg}) is extremally disconnected.
(2) If the map is open then: cl[J{(P")*:n € wo}] = (cl[U{P": n € wo}]) *.
Proof. Consider the retractions " : (P") ¥ — P". Since the members in
{(P™)*:n € wy} are pairwise disjoint and clopen, we see that the retraction:

r=@r:@er"H*- e
can be extended to a retraction
pr=Bar:p(PEH*) - p(PPr).

But B(@(P")*) = cllU{(P")* : n € wo} and B(PP") = clY{P" : n €
wo)}. The conclusion follows. The second statement can be proved as in
Lemma 2.2. O

8. WHEN ARE FIXED POINT SETS CLOPEN?

We have obtained results that explain why the fixed-point set of an embedding
of an extremally disconnected space is clopen. In this section we want to look
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for internal properties that also give this information. What is meant by this is
shown by the following proposition.

Proposition 8.1. Let X be a compact extremally disconnected space and let ¢
be a continuous map. The following are equivalent

(1) F, isclopenin X .

(2) F, isclopen in F,* .

(3) F, is (relatively) open in ¢~ '(F,).
Proof. Most of the implications are trivial. The equivalence of 1 and 2 is clear
from Theorem 6.1. The only non-trivial implication one is 3 — 2. If F, is
clopen in ¢~!(F,), then there exists a clopen (in X) set C with ¢~!'(F,) C
C C X — F,. From Lemma 3.1 we conclude that: F, N C* = @. Since
9~ (F,) - F, c C , the inductive construction and the previous formula implies
that: F¢# - C*=F, . As C* is clopen in X, the conclusion follows. Note
that the statements 2 and 3 are equivalent in the class of compact k-basically
disconnected spaces and the #x-maps. 0O

So, for compact extremally disconnected spaces, the retraction

oo~ (Fp): 9~ (F)) = F,

decides whether F, is clopen in X . For categorical reasons, the following
question becomes interesting.

Question 8.2. Let X be a compact extremally disconnected space and let ¢ be
a continuous map. Is the subspace ¢~'(F,) always extremally disconnected? Is
it always a retract? O

The following statement follows straightforward by from the fact that F¢#
is clopen. It is also a corollary of Proposition 8.1.

Corollary 8.3. Let X be a compact extremally disconnected space and let ¢ be
a continuous map. If. for all x € F,, card ¢~'{x} = 1, then the set F, is
clopen. O

In [A,AK] it was proved that every map ¢ of finite order on a compact
extremally disconnected space X , has a clopen fixed point set. Comparing this
with Proposition 8.1 the following question appears rather natural.

Question 8.4. Let X be a compact extremally disconnected space and let ¢ be
a continuous map. Assume there exists k such that card p~'{x} < k, for all
x € F,. Does this imply that the fixed point set F, is clopen? O

The following question was posed in [A,A,K], and remains unanswered.

Question 8.5. Let X be a compact extremally disconnected space and let ¢ be
an open continuous map. Is the fixed point set necessarily clopen? O

Note that this question is equivalent with the question whether the retraction
r: Fq,# — F¢# , as defined in section 2, is open. In this connection the following
observation might be interesting.

Lemma 8.6. Let X be a compact extremally disconnected space and let ¢ be
an open continuous map. The retraction r : F¢* — F, is an open map.
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Proof. Let C be a clopen set in F¢# . It is easy to check that

r(C) =l J{9"(C)NF, : n € wo}].

The second set is open in F,, since:

(1) All the sets ¢"(C)N F, are open in F,.
(2) F, is extremally disconnected.

The conclusion follows. O

If the answer to the Question 8.5 is no, the following interesting example
appears. Let Y be a compact extremally disconnected space an open continuous
map y :Y — Y , whose fixed point set F, is not clopen.

Consider the closed set: 4 = F, —inty F, . This set is clopen in F,, and
therefore:

There will exist an extremally disconnected space X with an open continuous
map ¢ with non-empty nowhere dense fixed point set.

Indeed, take X = 4* and ¢ = y | 4*.

As the map ¢ is open, all the sets ¢p~"(F,) are nowhere dense. Note that
Ue~"(F,) isdensein X (see Lemma 2.2) and that Baire’s theorem implies that
the subspace E = X —J¢~"(F,) and therefore: E is extremally disconnected
and fE=X.

It follows that: there exist a Cech-complete extremally disconnected space E
and an open continuos map (= ¢ | E) without fixed points whose Cech-Stone
extension has fixed points. Compare this with Theorem 6.4.

Note that for every map ¢ on a space X there exist open subsets U which
are maximal with respect to the properties of being open with ¢(U)NU = 2.
Such a set is called g-disjoint.

One of the reasons that open maps ¢ on compact extremally disconnected
spaces might have clopen fixed point sets is the fact that in such a case such a
maximal open ¢-disjoint set is neccesairly clopen.

Moreover, it is easy to see that the fixed-point set F, is clopen if and only if
X — F, is the union of three (finitely many) clopen sets C; with ¢{(C;)NC; = 2.

Lemma 8.7. Let X be a compact extremally disconnected space and let ¢ be
an open continuous map. If C is a maximal ¢-disjoint clopen set, then

(i) 9~'(Fy) = F, CcCU(C).

(i1) F¢* —-F,cC*up(C).
Proof. Assume this is not the case. In the first case one can conclude that
there exists x € X with x € ¢p~!(F,) — F, and with x ¢ CU ¢(C). Then
p(x) € F,, 50 ¢(x) ¢ C. In the second case there exists x with x ¢ F, and
x ¢ C*Ugp(C). But then ¢(x) ¢ C (as x ¢ C *). In either case there exists
x € X =F,* with x¢ CUp(C), ¢(x) ¢ C and ¢(x) # x.

Choose clopen sets U and V with

xeU, px)eV, oU)ycV, UnV =g,
Un(Cuep(C)=2, VNC=2.
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It is easy to verify that
(CuU)ng(Cul)=2
contradicting the maximality of C. O
This lemma enables us to answer Question 8.4 for the the class of open maps.

Proposition 8.8. Let X be a compact extremally disconnected space and let ¢
be an open continuous map. The following are equivalent for (a fixed) xo € F, .
(1) xo €inty F,.
(2) xo ¢ cllp~"{xo} — {xo}].
Proof. We may assume that X = Fw# . For the proof (2) — (1) we separate the
following cases.

Case 1. card ¢~ '{xo} = 1.
Let C be a maximal ¢-disjoint clopen set. The previous lemma implies that
xo € F,* —(C*Up(C)) CF, and so xg € int(F,).

Case 2. The general case. Assume xo ¢ cllp~'{xo} — {x0}]. Choose a
clopen set C with clfp~'{x}] c C c X — F,. Since C*NF, = @ and
(X —C*) c X —C*, it follows that the restriction of the map ¢ to X - C *
translates the situation into Case 1.

The conclusion follows. O

Corollary 8.9. Let X be a compact extremally disconnected space and let ¢ be
an open continuous map.

Ifthe set F = {x € F,: p~'{x} is finite} is dense in F,, then F, is clopen.
O

Remark. Recently E. Thummel constructed an example of an open map on a
compact extremally disconnected space with non-clopen fixed-point set.
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